We show that, although the amount of mutual entanglement of photons propagating in free space is fixed, the type of correlations between the photons that determine the entanglement can dramatically change during propagation. We show that this amounts to a migration of entanglement in Hilbert space, rather than real space. For the case of spontaneous parametric down-conversion, the migration of entanglement in transverse coordinates takes place from modulus to phase of the biphoton state and back again. We propose an experiment to observe this migration in Hilbert space and to determine the full entanglement. Entanglement is one of the truly central features of the quantum world and it forms the core of many applications based on quantum theory. The observation of entanglement is generally achieved through the measurement of correlations between entangled subsystems. Correlation in quantum systems takes many forms and is open to observation in a variety of ways. Therefore the determination of the amount of entanglement of quantum states depends on the measurement of the correlations where entanglement resides. This is of paramount importance, since in some experimental configurations one registers types of correlation that might not be appropriate to quantify the entangled nature of the quantum state.
Entanglement is one of the truly central features of the quantum world and it forms the core of many applications based on quantum theory. The observation of entanglement is generally achieved through the measurement of correlations between entangled subsystems. Correlation in quantum systems takes many forms and is open to observation in a variety of ways. Therefore the determination of the amount of entanglement of quantum states depends on the measurement of the correlations where entanglement resides. This is of paramount importance, since in some experimental configurations one registers types of correlation that might not be appropriate to quantify the entangled nature of the quantum state.
In this Rapid Communication, we show that the measurement of correlation between paired photons can miss the detection of entanglement entirely. The underlying reason is an interesting migration of entanglement that occurs in Hilbert space, but that depends on coordinate location in real space. This is manifest in photon correlations that show a rich and complex structure that evolves during propagation, although the amount of entanglement is constant. We focus here on entanglement that can become partly or entirely identified with the phase of the state, in which case the measurement of intensity correlations partially or completely misses the existing entanglement. This is an observable manifestation of the "phase entanglement" previously noted ͓1͔ for massive particle breakup in an Einstein-Podolsky-Rosen ͑EPR͒ scenario.
Entangled photons generated in spontaneous parametric down-conversion ͑SPDC͒ are particularly open to the observation of this phenomenon. The generated two-photon states have been shown to exhibit entanglement in transverse momentum ͓2͔ and in orbital angular momentum ͓3,4͔. Moreover, one can enlarge the Hilbert space of the two-photon state by using several degrees of freedom ͓5͔. The spatial transverse degrees of freedom of photon pairs produced in SPDC have attracted great attention because of the vast Hilbert space involved ͓6,7͔ and the availability of techniques to implement the d-dimensional quantum channel ͓8-10͔.
Observations of SPDC entanglement have usually been made either in the near zone or the far zone ͓11͔. Interestingly, in the course of photon propagation from the near field zone to the far field zone, the entanglement embedded in the two-photon positional amplitude migrates out of the positional wave function's modulus into its phase, and then back again.
In the region between near and far zones, the entanglement not obtained through the measurement of intensity correlations can be recovered by measuring the phase information of the joint wave function. Here we propose an experimental setup to accomplish this by exploiting the symmetries of the wave function.
We consider a nonlinear optical crystal of length L, illuminated by a quasimonochromatic laser pump beam, propagating in the z direction. The signal and idler photons generated propagate from the output face of the nonlinear crystal under the sole effect of diffraction. The quantum state of the two-photon pair generated in SPDC, at a distance z from the output face of the nonlinear crystal ͑z =0͒, reads in wave number space as ͉⌿͑z͒͘ = ͐dp ជdq ជ⌽͑p ជ , q ជ , z͒a s † ͑p ជ͒a i † ͑q ជ͉͒0,0͘, where p ជ and q ជ are the transverse wave numbers of the signal and idler photons, and a s † ͑p ជ͒ and a i † ͑q ជ͒ are the corresponding creation operators. The signal and idler photons are assumed to be monochromatic. This assumption is justified by the use of narrow band interference filters in front of the detectors.
Under conditions of collinear propagation of the pump, signal, and idler photons with no Poynting vector walk-off, which would be the case of a noncritical type-II quasiphase matched configuration, the mode function ⌽͑p ជ , q ជ , z͒ is given by
where N is a normalization factor,
is the transverse profile of the pump at the input face of the nonlinear crystal, and k j ͑j = p , s , i͒ are wave numbers for the pump, signal, and idler waves. We have also made use of the paraxial approximation to describe the propagation of the signal and idler photons in free space.
The sinc function that appears in Eq. ͑1͒ can be approximated by a Gaussian exponential function which accurately retains the main features of the entanglement of the wave function ͓7͔. We take sinc bx 2 Ӎ exp͓−␣bx 2 ͔ with ␣ = 0.455, so that both functions coincide at the 1 / e 2 intensity. Here we assume a pump beam with a Gaussian shape. Therefore the mode function can be written as ͓12,13͔
where
We denote w 0 as the pump beam width and 0 =−2R / k p 0 , with R being the radius of curvature of the Gaussian beam at the entrance face of the nonlinear crystal and k p 0 = p n p / c. p and n p are the corresponding angular frequency and refractive index, respectively. Notice that we have made use of the approxima-
Moreover, all phase factors independent of the transverse variables have been neglected.
Equation ͑2͒ describes the two-photon quantum state in transverse wave number space ͑p ជ , q ជ͒. We can also describe the two-photon quantum state in coordinate space. In
2 , while the conditional coincidence rate in momentum space is
shows that the two-photon state is separable in momentum space, and in coordinate space, if the conditions w 0 2 / ͑1+w 0 4 / 0 2 ͒ = ␣L / k p 0 and 0 / ͑1+ 0 2 / w 0 4 ͒ = L / k p 0 are fulfilled, which correspond to separability in modulus and phase. Notwithstanding, from Eq. ͑3͒ we also observe that it is possible that the biphoton function is separable in modulus at a specific location, although not in phase. Therefore
The central point is that, at a certain location z 0 from the output face of the nonlinear crystal, where the z-dependent condition k p 0 w 0 2 ␤͑z 0 ͒ = ͑1+w 0 4 / 0 2 ͒␣L␥͑z 0 ͒ is fulfilled, one does not observe intensity correlations at all in coordinate space, although the quantum state is not separable in either momentum or coordinate. Since the amount of entanglement is determined by the existing correlations of the biphoton function in modulus and phase, at z 0 all entanglement lives in the phase of the biphoton function in coordinate space. Figure 1͑a͒ shows the evolution of the intensity correlations as a function of the distance z. We plot the ellipticity ͑e͒ in the plane ͑x ជ s + x ជ i , x ជ s − x ជ i ͒ of the biphoton function given by Eq. ͑3͒, i.e., e = k p 0 w 0 2 ␤ / ͓͑1+w 0 4 / 0 2 ͒␣L␥͔. The spatial conditional coincidence rate R x ͑x ជ s , x ជ i , z͒ for three specific locations z are also shown in the figure. Note that the amount of entanglement does not depend on the location z, while the magnitude of the intensity correlations evolves with z, as shown by the variation of ellipticity in Fig. 1 . Therefore, although the amount of entanglement is unchanged with z, the type of correlation that determines the entanglement is different at every location z.
In order to quantify the amount of entanglement of the two-photon state, we perform the Schmidt decomposition ͓14,15͔ of the biphoton function given by Eq. ͑2͒ at the output face of the nonlinear crystal. As shown in Appendix A, the amount of entanglement denoted K ͑i.e., the Schmidt number for continua ͓14͔͒ is given by
where A = w 0 2 / ͑1+w 0 4 / 0 2 ͒ + i 1 and B = ␣L / k p 0 + i 2 . Note that K does not depend on z even though 1 and 2 do so.
For the sake of comparison, let us consider the Fedorov ratio ͓16͔, here denoted F, a typical correlation measurement that could potentially be employed to show the existence of entanglement. For the signal photon in momentum space it takes the form F s,p ϵ͗⌬ 2 p ជ s ͘ / ͗⌬ 2 p ជ s ͘ i , and the expression in coordinate space is F s,x ϵ͗⌬ 2 x ជ s ͘ / ͗⌬ 2 x ជ s ͘ i . Here the variance averages not containing subscript i are unconditional. The averages with subscript i are conditioned on the idler photon, which is to be constrained by p ជ i =0 ជ and x ជ i =0 ជ , in the p ជ s and x ជ s averages, respectively ͓17͔.
If the entanglement resides only in the modulus of the biphoton given by Eq. ͑2͒, i.e., 1 = 2 , F p can be shown to be equal to the amount of entanglement given by Eq. ͑4͒, while F x only gives the correct amount of entanglement in the near and far fields. This is the typical experimental condition if the pump beam shows no curvature at the input face of the nonlinear crystal.
If part or all of the entanglement resides in the phase of the biphoton, even F p does not correctly measure the amount of the entanglement of the quantum state, only the part of the entanglement that resides in the modulus of the biphoton function. Figure 1͑b͒ shows the Fedorov ratio in coordinate space for a typical case. At z = z 0 , where the biphoton function shows no ellipticity in the modulus, we have F x =1, although the quantum state is entangled.
In Fig. 2 we show an experimental scheme to detect the total entanglement of the biphoton described by Eqs. ͑2͒ or ͑3͒. The signal photon is sent to a modified Mach-Zehnder interferometer with two Dove prisms inserted in the interfering arms. The arms are assumed to be balanced so that the relative phase shift between the two arms of the interferometer due to propagation is zero.
We set the orientation angles of the Dove prisms 1 = / 2 and 2 = 0. The conditional coincidence rates of the output ports of the interferometer shown in Fig. 2 take the form ͑see Appendix B͒
Therefore the amount of entanglement of the quantum state given by Eq. ͑2͒ can be quantified as K = ͑P + + P − ͒ / ͑P + − P − ͒. The experimental setup given in Fig. 2 measures the "full" entanglement of the quantum state described by Eqs. ͑2͒ or ͑3͒.
On the other hand, the joint probability distributions in Eq. ͑6͒ also exhibit interesting interference behavior. Using Eq. ͑3͒, we have
where R + ͑z͒ = w 0 2 / ͓͑1+w 0 4 / 0 2 ͒␥͑z͔͒ + ␣L / ͓k p 0 ␤͑z͔͒ and I − ͑z͒ = 1 ͑z͒ / ␥͑z͒ − 2 ͑z͒ / ␤͑z͒. The difference of the joint probability P diff is plotted in Fig. 3 as a function of x s . It is seen that the location of the second maximum is at x s Ϸ 0.953 / x i I − , from which we can determine the entanglement in the phase. That is, the interference of the wave function with itself, with its symmetry, reveals not only the phase information of the wave function, but more importantly how the two photons are correlated in the phase through the fringe pattern given by Eq. ͑7͒.
In conclusion, we have demonstrated the Hilbert space migration of entanglement of down-converted photons in free-space propagation. We suggested its implication for experiments involving the quantification of the degree of entanglement by means of common variance measurements. We have also suggested a simple experimental scheme that can detect both the entanglement in amplitude and phase. x ͑p x , p x ͒ = ͚ n=0 ϱ x,n n ͑p x ͒ n ͑p x ͒. From Eq. ͑A1͒, the one-dimensional reduced density matrix becomes
where a =Re͑A͒Re͑B͒ /Re͑A + B͒ and b = ͉A − B͉ 2 / ͓8Re͑A + B͔͒. The representation given by Eq. ͑A2͒ is also found in the determination of the mode structure of Gaussian-Schell model sources in the theory of partial coherence ͓18͔. One can find that the eigenvalue x,n is given by x,n = ͑a / c͒ 1/2 ͑1−w 2 ͒ 1/2 w n , with c = ͑a 2 +2ab͒ 1/2 and w = b / ͑a + b + c͒. The functions n are appropriately normalized HermiteGaussian functions. Thereafter the calculation of K =1/͚ m,n=0 ϱ ͑ x,m y,n ͒ 2 would yield K = ͑c / a͒ 2 , which can be straightforwardly written as the expression that appears in Eq. ͑4͒. Notice that K describes entanglement in the ͑p x , p y ͒ space.
APPENDIX B
The modified Mach-Zehnder interferometer shown in Fig.  2 contains three basic elements that modify the spatial shape of the biphoton function. The action of the mirrors is described by â in ͑x , y͒ → â out ͑x ,−y͒, where x and y are the transverse coordinates in the frame of each individual beam.
The action of the beam splitter is ͓12͔ â in ͑x , y͒ → â t ͑x , y͒ + iâ r ͑x ,−y͒, where â t is the creation operator of the transmitted photon, and â r the corresponding creation operator of the reflected photon. For a Dove prism that is rotated by an angle with respect to the axis of image inversion, the fields before and after the dove prism are given by â in ͑x , y͒ → â out ͑x cos 2 − y sin 2 ,−x sin 2 − y cos 2͒.
Together with the effect of the polarization beam splitter, one thus obtains that all joint probability detections in the configuration described in Fig. 2 are given by Eq. ͑6͒.
The biphoton function at location z can be written in the form where the function n ͑x , z͒ corresponds to the HermiteGaussian function at z = 0 that evolves under the sole influence of diffraction. Due to the symmetry of the HermiteGaussian functions, one has n ͑−x , z͒ = ͑−1͒ n n ͑x , z͒. Making use of this symmetry property, one obtains
From Eq. ͑B2͒, one obtains Eq. ͑5͒, taking into account that the amount of entanglement is given by K = ͑c / a͒ 2 .
